DRAFT - Q3 /| Week 9 Tuesday

Computational models and Mo

Opening: what a computational model specifies. Then reversible deterministic
computation.



COURSE CONNECTION

States, rules, and outputs

A computational model specifies its states, allowed operations, and readout.

Our progression begins with reversible classical states, adds probability and amplitudes,
and ends with the complete quantum circuit model and Qiskit.



The Turing Machine (Turing, 1936)*

Turing models computation as:

*a machine with finite “m-configurations” (states)
*a tape divided into squares

*a scanned square (what the machine “sees’)

*a finite set of symbols

Operation
At each step, behaviour is determined by: { o /}f:
u¥ DAl A
. . Alan Turing
the configuration = (state, scanned symbol) graduate student King’s College,
Cambridge
Then the machine may:
*write or erase a symbol “We may compare a man in the process of computing... to a
*move left or right machine...”

*change its internal state “The possible behaviour of the machine... is determined by the

configuration.” - Turing

*In many ways, you understand this better than most people in 1936, because you already think in terms of step-by-step procedural programs.



The Universal Turing Machine (Turing, 1936)

Computation = machine
*one machine

*one task
echange the task — build a new machine

Computation = program

one machine
many tasks
change the task — change the program

This gives us two things

1) A definition of what we mean to
compute

2) Motivation to build computers rather
than single task machines.
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This machine is built to do
one specific computation.
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New task? Build a new machine. New task? Just give it a new program.

THE BIG INSIGHT: STORE THE RULES ON THE TAPE.

Make the machine read, interpret, and execute its own program.
A COMPUTER THAT CAN SIMULATE ANY OTHER COMPUTER.




The Universal Turing Machine (Turing, 1936)

This played the same role in computer
science as the atom in physics, the cell in
biology, and DNA in genetics.

It defined the fundamental unit of
computation.

It allowed us to describe and classify
computations rigorously.

This machine is built to do
one specific computation.

7°4724,97,000/0

New task? Build a new machine. New task? Just give it a new program.

THE BIG INSIGHT: STORE THE RULES ON THE TAPE.

Make the machine read, interpret, and execute its own program.
A COMPUTER THAT CAN SIMULATE ANY OTHER COMPUTER.




The Universal Turing Machine (Turing, 1936)  CS500 - Theory of Computation

Once we know what can be computed, the next THE ZOO OF COMPUTATION @a

question Is: : CLASSIFYING PROBLEMS BY HOW HARD THEY ARE TO SOLVE A
DAY

A map of complexity classes.

P

1Ci i 2 Larger regions contain Examples:
how efficiently can it be computed* Largor regions contan EXPSPACE Pobems tatcin | S,
Solvable ums;'rfof;pmential b; :Oc;;p?xltj; y minimum spanning tree.
i NP
Not all solvable problems are practical. We don't know if EXPTIME e | o
P = NP. Solvable in exponential time. checked quickly, Scheduling, Sudoku,
even if finding them Hamiltonian Cycle.
If they are equal, might be hard.
. . many problems
Some can be solved quickly, others require enormous currently thought PSPACE T
to be intractable Solvable usi | ial E s
would suddenly oNa e;se';%fyo ynomia The hardest problems s::_";‘_’se:jr Clique
resources. become easy! . :L.'ituy" &neilzllsglfvlei(:’ Vertex Cover.
e can be solved quickly.

NP

Solutions can be verified
quickly.

PSPACE

Sollvab|e _ulsmg Generalized Chess,
polynomial memory, Quantified Boolean

even if it takes Formulas (QBF).
exponential time.

Example:

To understand this, computer scientists classify
problems based on the time and resources
required to solve them.

Solvable quickly
(deterministic
polynomial time).

7
EXPTIME Example:
o Towers of Hanoi
Solvable in

S (when n is part
exponential time. of the input).

EXPSPACE | Examele

i Space-bounded
Solvable using Turing machine

These classes (P, NP, EXP, ...) form a “zoo” of

- exponential memory. acceptance problem.
computation -

that helps us distinguish what is feasible from what is “@: KEY TAKEAWAY QUICK rac ) Y1 ITIMATTRRS
n Ot . Computability tells us « P c NP c PSPACE < EXPTIME c EXPSPACE This classification helps us

understand the limits of efficient

computation, guides algorithm

Complexity tells us design, and shows us where

what is practical. « ltis one of the biggest open questions quantum computers might give
in computer science whether P = NP. us an advantage.

what is possible. + NP-Complete problems are in NP
and are as hard as NP gets.




W H AT I S A SYST E M ? Greek ocVvoTnUa (systéma), meaning:

“a whole composed of parts”

A system 1s:
*a set of possible states
a rule for how states change

Examples:

*a physical system: position, velocity, etc.
*Planets orbiting a sun: solar system

a bit: {0, 1}

a register: {00, 01, 10, 11}




DETERMINISTIC SYSTEMS

A system 1s deterministic if:
the next state is completely determined by the current state

Example:

*NOT gate

*addition

eclassical programs (assuming no true random number generator)




INJ ECTlVE, SURJ ECTlVE, AND BIJECTIVE cs261: Mathematical Foundations of Computer Science
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INFORMATION AND REVERSIBILITY

We can define systems that follow transition rules where information can be lost

Imagine a binary universe whose laws are AND and OR.

When I say universe, I mean it literally. A universe is states plus rules. Physics tells us the rules of the universe we live in.

The state of the universe evolves according to the ANDs and ORs. But information
1s lost with each state change, because the different input states yield the same
output state (1.e. they are not injective)

In other words, we can’t run time 1n reverse 1n the AND/OR world.

And(0,0) =0A0 =0 0r(0,0) =0v0 =0
And(1,0) = 1A0 =0 or(1,0) =1vo=1
And(0,1) =0A1=0 or(0,1) =0vi=1
And(1,1) =1A1=1 or(1,1) =1vi=1

Going forward in time 1s well defined but going back in time is ambiguous.



A TIME-REVERSABLE BINARY UNIVERSE: —

Imagine a binary universe where time is reversible.

This means: Each state change has a unique predecessor and a unique successor i.e. injective and
surjective (bijective) map.

So, the evolution rule must be: one-to-one and onto (a bijection)
Example: NOT
—-1-0-0-1

Check reversibility:
-0->1-1-0

No information is lost

Going back and forward in time are well defined.



A TIME-REVERSABLE BINARY UNIVERSE: CNOT

Example: XOR with a control bit (CNOT)

Define a 2-bit universe with state (x, y), and evolution rule:
(x,y) = (x,x D y)

This 1s the classic CNOT rule.
CNOT(0,0) - (0,0)
CNOT(0,1) - (0,1) Flips one bit only when
CNOT(1,0) - (1,1 another bit 1s on.
CNOT(1,1) - (1,0)

CNOT 1s bijective so every operation 1s reversable.

Going back and forward in time are well defined. We will see CNOT again in quantum computing.



Two states — two independent directions

state 1

REPRESENTING STATES AS VECTORS | [ov

A

We encode system states as vectors.

For a bit:
state 0
O—>(O), 1—>(1) ~ (1.0)
1 0
This is a basis representation from Lecture 5. 1D space: no independent directions

We are putting 0 and 1 into a 2D space purely so we can
represent them as vectors and manipulate them with linear

algebra and because we are building up to something.
state 0

—
. state 1
These vectors need to form an orthonormal basis.




DETERMINISTIC OPERATIONS AS MATRICES

A NOT gate: Matrix Multiplication:
M=(7 o)
_(a b\ (e f\_(ae+Dbg af+bh
Apply it to state 1 forabone = (C ) (g h)_ (Ce e e h)
G 0G)=Cx010x) =) AraBo = (2 D) (5) = (2FH)
So:1 -0 B

—

Apply it to state 0 (the other flip) b, |b 1
b, b, 5

0 D6)=E319=(0) e
@)

So:0 -1 A |
33 |2, ; | e—————




COURSE CONNECTION

Deterministic and reversible maps

A deterministic transition matrix has one 1 in each column. It may send different inputs to
the same output.

A reversible deterministic map is a permutation: it also has one 1 in each row.
Reversibility requires retaining enough information to recover the input.



COMPOSING STATE TRANSITIONS
Applying two operations:
A(Bx) = (AB)x
So:

programs = matrix multiplication




GATES

A classical gate 1s a
function that transforms
bits.

Example:
NOT gate

0 -1
1 -0

We can represent this as a matrix acting on a
vector.

Represent bits as vectors:
o=(3)  1=(o)

NOT gate:

Then




PLACEHOLDER FOR MATTHEW

Ancillas and reversible logic

Develop Toffoli and Fredkin truth tables, clean workspace bits, and uncomputation.

Add a small reversible puzzle with its allowed operations and a proof that the final
ancillas reset.



PLACEHOLDER FOR MATTHEW

A reversible oracle contract

Define input bits, output bits, and the reversible embedding of a Boolean function.

Test the complete truth table. This oracle contract will support Deutsch and the later query
algorithms.



